A beam finite element model (FEM) for efficient analysis of the mechanical behavior of wire strands is presented. Two-noded elasticplastic beam elements were used for wire discretization. Hertz contact theory was implemented via newly developed node-to-node compression-only contact element to simulate the wire-to-wire contacts. The first numerical example demonstrated is the analysis of a three layered 19-wire strand under axial tensile load. The results showed excellent agreement with those obtained from the accurate full three-dimensional solid FEM of Jiang et al. The degrees of freedom for the beam FEM is only about 4% of the solid FEM. The second verification example presented is the simulation of a six-layered 91-wire strand under axial tensile load. For the global behavior of the strand, the finite element results showed better agreement with the experimental data than Costello's elasticity theory. For this multilayered strand, it could be extremely hard to implement an accurate full three-dimensional solid FEM.
Introduction
Wire strands are a wide class of useful engineering components and play an indispensable role in various engineering applications such as suspension bridges, sports stadia and cable-membrane structures, etc. The major advantage of the wire strands is their capacity to support large axial loads with comparatively small bending or torsional stiffness.
In the last several decades, considerable progress has been made in the development of theories and models to study the mechanical behavior of wire strands. Literature survey shows that analytical models are commonly applied to relatively simple cases in which approximations and assumptions have been made [1] [2] [3] [4] [5] . The effects of more complicated factors such as contact deformation, wire uneven bending due to discontinuous contacts and material plasticity, etc., are very difficult to predict analytically. With the development of the finite element (FE) method and the associated computing capacity, it is possible now to analyze more complex strand behavior including the actual geometry and other factors of influence [6] . Many threedimensional solid finite element models (FEMs), which can take into account all the influence factors noted above and provide detailed information about the strand mechanical behavior, have been presented. However, a majority of the published solid FEMs are limited to the relatively simple wire strand constructions with only one or two helical wire layers [7] [8] [9] [10] . For multilayered wire strands, the behavior simulation using three-dimensional solid model can be very expensive and the desired degree of refinement is frequently not within the practical limits of computer resources due to the strand complex geometry and the high nonlinearity of the numerous inter-wire contacts involved. Therefore, there is a requirement for an efficient FEM, which can consider the influence factors as much as possible. In this paper a beam FEM for wire strands has been developed. The major influencing factors such as contact deformation, wire diameter contractions due to Poisson's ratio effect, wire uneven bending effects and material plasticity have all been considered. The strand wires have been discretized using traditional two-noded beam elements. Inter-wire contacts are assumed to obey the Hertz contact theory. The simulation of these contacts has been realized by using newly developed nodeto-node contact elements located at all possible contact positions. Numerical examples have been given to show the accuracy and efficiency of the beam FEM developed.
Finite element model
A typical geometry of the wire strand analyzed in this paper is shown in Fig. 1 . In general, it comprises a straight core wire surrounded helically by several successive layers of round section wires. The core wire is defined as the first-layer wire. For an arbitrary wire in the layer i (i=1, 2, ..., n), the radius of the wire is Ri and the helical angle is αi, where n is the total number of wire layers in the strand. The helical directions for adjacent layers of the helical wires are opposite, which results in point contact between these layers. The contacts between the core wire and each of the second-layer wires are line contacts [6] . The strand is loaded axially with an axial force, F, and an axial twist moment, M, which represents the most basic loading case. 2 shows a small typical representative part of the wire strand geometry with a core wire helically surrounded by a second-layer wire and a third-layer wire, which has point contact with the second-layer wire. This figure also shows a sample FE discretization of the strand wires using beam elements, which are established along the wire centerlines. The beam elements used are the two-noded elastic-plastic elements, having six degrees of freedom on each node, i.e. translations in x, y and z directions and rotations about the x, y, z directions. These elements are based on Timoshenko beam theory and have capabilities to simulate the combined effects of tension, shear, torsion and bending. The newly developed node-to-node Hertz contact elements established at all possible contact positions between wires are also shown in Fig. 2 . There are two types of contact elements, i.e. the line contact element and point contact element. The densely distributed contact elements connecting the centerlines of the core wire and the centerlines of the second-layer wires are used to simulate the continuous line contacts between these two layers of wires, also known as line contact elements. The contact element located at the shortest distance between the helical centerline of the second-layer wire and the helical centerline of the third-layer wire is used to simulate the point contact between these two successive layers of wires, which is also called point contact element.
Using the same rule of the FE discretization for the strand representative part discussed above, the beam FEM of the whole strand can be constructed. The contact positions for the Hertz contact elements establishment can be determined from the strand geometry. For line contact, the contacts locate on the wire contact lines. For point contact, the contact positions can be determined using the equations of contact lines and the axial space between two adjacent contact points located on the same contact line [7] . Approaching distance, δ l (mm) 2 2 arctan 2 
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Development of Hertz contact elements
As the large number of distributed wire-to-wire contacts inherent within the wire strand have significant influences on the strand mechanical behavior, these contacts have to be considered in detail in a rational simulation model. In this paper, the node-to-node compression-only contact element has been developed to fulfil this task. The new contact element is defined by two nodes having three degrees of freedom on each, i.e. translations in x, y and z directions, and its x-axis is defined from one end node to the other. This element can only transfer axial compression force along its x-axis direction. Provided that the significant dimensions of the contact area are small compared with the curvature radii of the contacting wires, the Hertz contact theory could be applied to the wire-to-wire contact analyses with sufficient accuracy. The analytical Hertz contact relationship between the contact force, P, and the approaching distance between the centerlines of the two contacting wires at the contact location, , has been used to define the contact element behavior, and these equations are given referring to literature [2, 6] . Fig. 3 gives an example relationship of Pl-l for the line contact and Fig. 4 shows example Pp-p curves for point contacts. These example curves are achieved from the second verification example, which is illustrated in the Section 3.2 of this paper. As the relationship between P and  is essentially nonlinear, an iterative solution procedure has to be used.
In this paper, a secant modulus method has been employed to upgrade the stiffness of the contact elements for the iterative nonlinear solution procedure.
Incorporating Poisson's ratio effect
As strand wires are mainly subjected to high tension load, wire diameter will contract. This is known as the Poisson's ratio effect. The wire diameter contraction due to the Poisson's ratio effect has been considered as an additional part to be incorporated into the approaching distance of the centerlines of the contacting wires. For a contact element between the layers i and i+1 (i=1, 2, ..., n), the approaching distance caused by Poisson's ratio can be calculated using
where μ is the Poisson's ratio in elastic range, μp is the Poisson's ratio in the plastic range (μp=0.5 herein for volumetric incompressible). 
In engineering application wire strands are normally well lubricated; thus, the frictions between the wire-to-wire contacts are ignored for simplicity. For the symmetric feature of the strand structure and the axial extension loading case, the slidings between the contacting wires are very small and the inter-wire contacts will occur in the strand radial direction. The contact elements are designed to establish the radial contact relationships, and the possible small free slidings are allowed in the perpendicular directions. In the beam element strand model, the beam elements and the contact elements are established separately, i.e. they have their own separate sets of nodes. Constraint equations are used to build the connections between the nodal degrees of freedom of the contact elements and the nodal degrees of freedom of the beam elements based on their relative positions. For a contact element laid between arbitrary two adjacent layers i and i+1 (i=1, 2, ..., n), one node (Nc1) of the contact element has the same displacement as its coincident point inside the ith layer beam element. The displacement interpolations of this coincident point of the beam element are used to tie the displacements of this node of the contact element, i.e. For the other node (Nc2) of the contact element, it has the same radial displacement as its coincident point inside the (i+1)th layer beam element. The radial displacement interpolation for this node of the contact element is N ) of the second layer beam element in the global θ direction, respectively. For the point contact elements (i=2,3, ..., n), it can be written as
where ri and ri+1 are helix radii for the ith layer wires and (i+1)th layer wires, respectively.
In the global z direction, the node (Nc2) of the contact element is set to have the same displacement with the node (Nc1) by using 21 zz uu 
where 2 z u is the displacement component of the node Nc2 in the global z directions. For all contact elements, these constraint equations should be established. As these equations are linear equations of the degrees of freedom, they can be easily incorporated into the system of equations during solution process.
Numerical examples
The beam FEM proposed has been implemented using ANSYS FE software. The analysis of two typical wire strand constructions has been conducted to show the accuracy of the beam FEM.
The first numerical example
This verification example is the analysis of a three layered 19-wire strand. The reason for choosing this relatively simpler strand construction is that accurate full three-dimensional solid FE modeling results could be achieved [7] and these could be used to validate the newly developed beam FEM in detail. Table 1 gives the geometry data of this strand. The diameter of the center wire is larger than the diameters of the helical wires, which ensures that contact occurs only between adjacent layers of wires. Fig. 5 shows the beam FEM for the three layered 19-wire strand analyzed. The length of the strand beam FEM used for analysis, Δz, is ten times the strand diameter, d=23.4mm. The size of the beam element is about 0.3 times the wire radius. The spacing between adjacent line contact elements is 0.2R1 along the strand axial direction. The beam FEM of the strand consists of 3966 beam elements and 1650 contact elements. The total number of nodes for both beam elements and contact elements is 6109. The degrees of freedom for this strand model is only about 4% of the accurate three-dimensional solid FEM [7] which consists of 137928 elements and 139191 nodes. The Von Mises yield criterion was assumed. A bilinear isotropic hardening material model was used. The material properties for the wires are given in Table 2 . The strand was subjected to non-rotation tension at the two ends of the model (Fig. 5) . One simple way of implementing this is to fully constrain one end cross-section of the strand model and rigidly move the other end cross-section of the strand model away along the strand axial direction. In this analysis, a mean strand axial strain, ε, of 0.012 was applied in increments of 0.001. The FE analysis results from the beam FEM have been compared in detail with those from the accurate threedimensional solid FEM [7] . The Costello's elasticity model [1] has also been given in the comparison where applicable. Fig . 6 shows the strand axial load as a function of the applied mean strand axial strain. Due to the consideration of contact deformation, the beam FEM prediction is closer to the result obtained from the accurate solid FEM than the Costello's elastic theory. The slightly higher tensile rigidity prediction from the beam FEM is mainly due to that the beam FEM has not considered the loss of axial load-bearing ability of the local material in the vicinity of the contact regions. This phenomenon had been discussed in detail in reference [6] .
The variation of the contact forces acting on sequential contact points along a third-layer wire is given in Fig. 7 . It can be seen that within the transition regions (a length of about 1.5d from both fixed ends of the strand), the contact forces show obvious variation. Within the middle region free from termination effect, the contact forces at all crossing contacting points are nearly the same. Due to the implementation of accurate helically symmetric and cyclic symmetric boundary conditions, the results from the comparison solid FEM are the results free from the termination effects [7] . From this figure it can be seen that the results predicted by the beam FEM are in good agreement with those obtained from the accurate solid FEM. extension strains (ε ≤ 0.006). However, when strand axial strain reaches 0.008, the prediction of the radial displacement from the beam FEM is smaller than that from the solid FEM. The main reason for this is that at this load level, the bulk of strand material has experienced plastic yielding, and the elastic Hertz contact theory is no longer valid in such case. These wave-like radial displacement patterns indicate that these helical wires are subjected to uneven bending due to the discontinuous point contact.
The second numerical example is the simulation of a six layered 91-wire strand shown in Fig. 1 . Table 3 gives the geometry data of this strand. The inter-wire contacts occur only between the adjacent layers of wires. The length of the strand model used is ten times the strand diameter. The same mesh density, wire material properties and loading case are the same as the first numerical example. The beam FEM is composed of 49811 beam elements and 7344 contact elements. The total number of nodes is 62015. A mean strand axial strain of 0.012 was applied in increments of 0.001 in this analysis. Fig. 9(a) shows the distribution of axial displacement, uz, and Fig. 9(b) shows the distribution of radial displacement, ur, at strand mean axial extension strain of 0.004. It can be seen from Fig. 9 that there are non-uniform transition regions close to both ends of the strand. The length of the termination effect influence regions is about 1.5d, where d=50.7mm is the nominal strand diameter. The radial contraction of the cross-sections increases as the distance from the ends increases in the two transition regions at both ends. In the middle part, the deformations are quite uniform. Due to the complex geometry of this 91-wire multilayered strand and considering the many distributed local contacts involved in this strand construction, the implementation of an accurate three-dimensional solid FEM will be extremely difficult if not impossible. Instead, experimental tests of the tensile behavior had been conducted for validation purpose. Fig.  10 shows the arrangement of the tensile experiment. A 5000kN hydraulic tension test machine was used. The length of the sample strand is 3000mm and its ends are processed using the method of casting with zinc alloy. In the implementation of the tensile test, the sample strand was fixed on the tension machine via open-type clamps with conical cavity. Extensometer was used for the measurement of strand elongations and it was mounted on the sample strand with an original length of 1953 mm. Vernier caliper with wide mouth pliers was used to measure the strand diameter. Fig. 11 shows the strand axial load as a function of the applied mean axial strain. It can be seen that the present beam FEM is in good agreement with the experimental data than Costello's elastic model. When the strand axial strain reaches approximately 0.008, the bulk of the strand material begins to yield. For safety reason, the tensile data had not been collected after the loading level has exceeded 0.6F0, where F0=2400kN is the experimentally measured breaking load of the strand.
To further investigate the significance of considering the contact deformation in the numerical model, the amount of diameter contraction of the strand during the loading process was also experimentally measured. Fig. 12 compares the reductions of the strand diameter at different load levels. It can be seen that the prediction result from the beam FEM compares reasonably well with the experimental values, whereas Costello's elastic model gives too lower predictions for a given mean axial strain. This indicates that the contact deformation should be considered when developing accurate numerical models for multi-layered strands. 
Conclusions
An efficient beam FEM has been developed to predict the mechanical behavior of complex wire strands. The wires in the strand were discretized using the traditional two-noded elastic-plastic beam elements. Contacts between strand wires were simulated using the newly developed two-noded contact elements based on the analytical solution of Hertz contact theory. The analysis results of two typical wire strand constructions showed good agreements with those from both the accurate threedimensional solid FEM and the experiments. Compared with solid FEMs, the new beam FEM has much smaller model size. Thus, the methodology could be further extended to build efficient models for wire strands/ropes with complex cross-sections. Costello's elastic theory
